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Abstract 
Suppose K(r) is reducible, by Theorem 3 of Gordon and Luecke, K(r) has a lens space as a 
connected summand. We will show that if the order of the fundamental group of the lens space 
is r then K(r) is the connected sum of L(r, .) and an irreducible homology 3-sphere. 0 1998 
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0. Introduction 
Let K be a knot in S3, N(K) a regular neighborhood of K and X = S” - int N(K) 
the exterior of K. The unoriented isotopy class of a nontrivial simple closed curve on a 
torus is called its slope. We use Q U {A} as in [7] to parametrise the slopes on 3X in a 
base of Hr (3X) formed by a meridian and a preferred longitude of K. Note that b is 
the slope of a meridian of K. 
Let r be a slope on dX, and let K(r) be the closed 3-manifold obtained by r-Dehn 
surgery on K. Thus K(r) = X U J,, where J, is a solid torus, glued to X along their 
boundaries in such a way that r bounds a disk in J,. 
Recall that a 3-manifold M is reducible if it contains an essential 2-sphere, that is, 
one that does not bound a 3-ball. Otherwise M is irreducible. 
Suppose K(r) reducible. By [3], r is an integer and by Theorem 3 of [2], K(r) has 
a lens space as a connected summand. In this paper we prove 
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Theorem 0.1. Zf K(r) = L(r, .)flM, then M is un irreducible homology 3-sphere. 
For homological reasons M is a homology 3-sphere, so the goal of this theorem is to 
prove that A4 is irreducible. For example, let K be a (1, q)-cable of a knot Ic (q 3 2), 
then it follows from Gordon’s result [5] that K(q) = L(q, .)#k(i). Now by [3], k(i) is 
an irreducible homology 3-sphere. 
1. Notation and definitions 
Suppose K(r) = L(r, .)#M, h w ere M is a reducible homology 3-sphere. Let St be 
a reducing 2-sphere of K(T). Isotope Si so that St n JY = VI U . . U u,, is a disjoint 
union of meridian discs, where v, is subscripted so that vi, . . , u,, appear consecutively 
in Jr. We choose Si so that n1 is minimal. We use the following lemma which will be 
proven once the set-up for the main result is done. 
Lemma 1.1. The minimalit); of nl implies that S1 cun be chosen so that 
K(r) = L(r, .)#sI M = (L(T: .) - int B”) US, (AZ - int B3). 
Now let Sz be a reducing sphere for M. Similarly we have & n J, = ZI{ U . U ~6,. 
We choose Sz so that n2 is minimal. We can suppose Sz c (M - int B3). 
Let Pi = Si n X. It is a planar surface with rzi components. Since ni is minimized, 
Pi is incompressible and boundary incompressible. 
_ Let P = (5’1 USz)rlX and let p+ .p- be two points in S3. We ca_” wri:e S3 - {p+ .p_} = 
Q x (-l,l). Lemma 4.4 of [l, p. 4911 says that we can find a Q = Q x {i} for some i 
such that: 
(1) Q intersects K transversely. Thus Q = Q n X is a properly embedded planar 
surface in X such that each component of aQ is a copy of the meridian of K; 
(2) Q intersects P transversely and no arc component of Q n P is parallel in Q to 
aQ or parallel in P to aP. 
Let GQ be the graph in Q obtained by taking as the vertices the disks Q - int Q and 
as edges the arc components of Q n P in Q. Similarly, Gp is the graph in p = Si U 5’2 
whose vertices are the disks 
i=nl j=n, 
u vi u u 11; 
i=l j=l 
and whose edges are the arc components of Q f’ P in P. We number the components 
of i3Q 1,2,. , q in the order in which they appear on ax. Similarly, we number 
1,2,..., n1 + n2 the components of aP. This gives a numbering of the vertices of 
GQ and Gp. Furthermore, it induces a labeling of the endpoints of edges in GQ and 
Gp. On a vertex of Go (Gp) one sees the labels 1 through n1 + nz (1 through q, 
respectively) appearing in order around the vertex. Two vertices on GQ are parallel if 
the ordering of the labels on each is clockwise or the ordering on each is anticlockwise, 
N. Sayari / Topology and its Applications 87 (1998) 73-78 
K 
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otherwise the vertices are called antiparallel. The same applies to vertices of Gp. The 
graphs Go and Gp then satisfy the following parity rule [2]: An edge connects parallel 
vertices on one graph if and only if it connects antiparallel vertices on the other. 
Let x be a label of GQ. An x-edge in GQ is an edge with label x at one endpoint. An 
x-cycle is a cycle C of x-edges of GQ such that all the vertices of Go in c are parallel 
and which can be oriented so that the tail of each edge has label x. A great x-cycle is 
an x-cycle such that all the vertices on one side of the x-cycle in S2 are the same sign 
as those in the x-cycle. A Scharlemann cycle is an x-cycle that bounds a disk face of 
GQ. The number of edges in a Scharlemann cycle, U, is called the length of (T. Let c be 
a Scharlemann cycle in GQ. Suppose that c is immediately surrounded by a cycle K in 
GQ, that is, each edge of K is immediately parallel to an edge of c (see Fig. 1). Then K 
will be referred to as an extended Scharlemann cycle. This is generalization defined in 
[4] of the same notion defined in [8]. 
Let Go be the subgraph of GQ obtained from the intersection of Pi with Q and let 
Gp% be the corresponding graph in pZ = Si for i = 1,2. Note that Gb U G& = GQ and 
GP, u GP? = GP. 
Proof of Lemma 1.1. Suppose K(r) reducible, let 5’1 be a reducing 2-sphere in K(T) 
such that n1 is minimal. Let Gp, and G& be the two graphs defined above. By Propo- 
sition 2.0.1 of [2, p. 3871 and the main result of [6], we conclude that G& contains a 
Scharlemann cycle. Let Hzy the part of J, between U, and uy where U, and vy are 
the two vertices of Gp, corresponding to the unique labels x and y of the Scharlemann 
cycle. Let D be the disk in Q bounded by the Scharlemann cycle. Let N be a regular 
neighborhood of Hz, U 5’1 U D. It is a lens space twice punctured, bounded by two 
spheres Cl and C2 such that Cl is parallel to 5’1 and lC2 n JT,I = TLI - 2. Hence C2 
must bound a 3-ball and K(r) = L(p, .)fls,Y. Now having K(r) = L(r, .)#M, we can 
conclude that p = T and Y is homeomorphic to M. 0 
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2. Proof of Theorem 0.1 
Lemma 2.1. G, contains u Scharlemannn cycle of length r. 
Proof. The existence of a Scharlemann cycle in Gb follows from Proposition 2.0.1 of 
[2, p. 3871 and the main result of [6]. By hypothesis K(,r) = L(T, .)flM. Hence the length 
of any Scharlemann cycle in Gb must be equal to 7’. 0 
Lemma 2.2. G& does not contuin an extended Scharlemann cycle. 
Proof. This follows from Lemma 2.3 [8, p. 2151. 0 
Lemma 2.3. Each Scharlemann cycle of G$ is un extended Scharlemann cycle in GQ. 
Proof. Let K be a Scharlemann cycle in Gb. K is a great x-cycle in GQ which is not 
a Scharlemann cycle in GQ for otherwise we could construct a punctured lens space 
embedded in M. This is impossible because M is a homology sphere. Hence K must 
surround a Scharlemann cycle 0 of Gb. By Lemma 2.1, 0 has the same length as 6. 
Hence K is an extended Scharlemann cycle or G& contains an extended Scharlemann 
cycle. The latter case is impossible by Lemma 2.2. 0 
Let K be an extended Scharlemann cycle which surrounded a Scharlemann cycle IT in 
GQ. Let e;, . , e: be the edges of Gp, connecting vertices u: and uL, that correspond 
to the edges of Go in K. Let P,, denote the union of P2 with all the fat vertices of Gp, 
other than vertices U: and I&. Let 2;) ,Zh be the closures of the components of 
i=r 
P,, - U 4. 
i=l 
We call 2;. . . ,Zi the regions. Let p,; be the number of vertices of Gp contained in 
2:. Similarly let er, . , e, be the edges of Gp, connecting vertices ‘u, and %I~, that 
correspond to the edges of GQ, in 0. Let Pzy denote the union of PI with all the fat 
vertices of Gp, other than vertices v, and I+,. Let 21,. . . , 2, be the closures of the 
components of 
i=r 
PZY - U ei. 
Let oi be the number of vertices of Gp contained in 2,. Let Fl , . . . : F, be the disk 
faces of GQ having for boundary pieces of both (T and K and arcs of aQ (see Fig. 1). 
Let Hz, (respectively, H,,) be the part of Jr between U, and U; (respectively, wy and 
&). The annulus aH,, - int(v, U u;), (respectively, aH,, - int(v, U ub)) is the union 
of r-rectangles R1, . . . , R, (respectively, R’, , . ~ Rh). Let S(aj, /33) = 2, U Rj U 2; U 
Ri U Fj U Fj_1 be a 2-sphere in M - int B3 (see Fig. 2). 
Lemma 2.4. ai < (n,/2) - 1. 
Proof. Let S(cu,, 13J) = 2, U R3 U 2; U Ri U F3 U F&l as above. S(trJ, ,!$) is a 2-sphere 
- int B” such that IS(cu,, &) n J,I = a.7 + ,OJ. There are two cases: in M 
(1) 
(2) 
pj < (nr /2) + 1. By Lemma 2.4, we have (_y3 + /J < ni. In this case S(cr,. ,$) 
must bound a 3-ball because nl is minimal. 
[$ > (nl/2)+1.LetS=Z,UR,U(S2-intZ~)UR~UF,UF,_, bea2-sphereof 
K(r). We note that /S I- J,. = n2 - fi3 + oj. It is easy to see that S is a reducing 
sphere for K(r). By minimality of ni, 712 - 0, + oj 3 RI, so n2 - & 3 n1 - ag. 
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Fig. 2. 
Proof. Let V be the part of J, between 71~ and 21~. Let B be a disk in int Z’i such that 
B contains the oi vertices in 2,. Then a regular neighborhood N of V U (Si - int B) 
is a solid torus. Let D be the disk in Q bounded by et,. . i e, and r arcs on dQ. So 
a regular neighborhood of V U (S1 - int B) U D is a punctured lens space R, aR is 
a reducing sphere for K(r), and laR n .J,l = 2(nl - 2 - ai) + 2 = 2721 - 2 - 2a,. 
2ni - 2 - 2ai 3 ni by the minimality of ni. Therefore (I, < ini - 1. 0 
Lemma 2.5. S(Q, i &) bound a 3-ball in M - int B3 for each j. 
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Now suppose aj + & > n2, this implies that nt - aj < CY~, which is impossible 
by Lemma 2.4. Hence ‘~j + & < 712. Since r~2 is minimal, S(crj, flj) must bound 
a 3-ball in M - int B”. 0 
Proof of Theorem 0.1. Recall that K(r) = L(T: .)tJM where M is reducible. It is 
enough to show that Si is isotopic to 5’2. By Lemma 2.1 there is a Scharlemann cycle, 
say K, in the graph G$. By Lemma 2.3, K is an extended Scharlemann cycle be in 
GQ. Again S(oj,&) is the 2-sphere as defined right before Lemma 2.4 (see Fig. 2). 
By Lemma 2.5 each S(cu,, /JJ) bounds a 3-ball B(o), &) in M - int B3. Let N = 
a(a,,pl)UB(a,,p2)U...UB(a,.p,)UH,,UH~,. N is a submanifold of ILf-intB3 
bounded by St and 5’2 where n(oj, /33) is glued to B(nj+i ,/3j+i) along Fj, this module 
T. Clearly N is homomorphic to S* x 1, henceforth Si is isotopic to S2. Showing that 
M is not reducible. 0 
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